Pile-up around indenter is usually observed during instrumented indentation tests on bulk metallic glass. Neglecting the pile-up effect may lead to errors in evaluating hardness, Young's modulus, stress-strain response, etc. Finite element analysis was employed to implement numerical simulation of spherical indentation tests on bulk metallic glass. A new model was proposed to describe the pile-up effect. By using this new model, the contact radius and hardness of Zr 41.2 Ti 13.8 Cu 12.5 Ni 10 Be 22.5 bulk metallic glass were obtained under several different indenter loads with pile-up, and the results agree well with the data generated by numerical simulation.
Pile-up around indenter is usually observed during instrumented indentation tests
Due to the unique physical, mechanical, and chemical properties, bulk metallic glasses (BMGs) are considered to be a class of very promising structure materials and will be adopted for application in various fields, such as civil astronautics, civil aeronautics and defense [1] [2] [3] [4] [5] . However, inhomogeneous flow of metallic glasses at room temperature is generally associated with highly localized shear bands [6, 7] . The formation and interaction of shear bands control the mechanical properties, such as ductility and fracture toughness. Recently, Wang et al. have shown that high density, frequent interacting and arresting events of shear bands can lead to super-plasticity of BMGs at room temperature [8] . However, when BMGs are loaded under an unconstrained condition, such as in uniaxial tension or simple shear, rather few of shear bands can be induced. Once the shear bands are formed, BMGs fail catastrophically within the main shear band and show little plasticity [9] [10] [11] , thus limiting the application of BMGs as engineering material. So, for the sake of perceiving the plastic instability behavior and applications in engineering, much effort has been devoted to the mechanism of formation and evolution of shear bands in BMGs [12] [13] [14] [15] [16] [17] [18] . In recent years, a depth-sensing indentation technique has been proved to be a powerful tool for investigating the material properties such as hardness, elastic modulus, stress-strain response, etc. [19, 20] . Recently, increasing efforts have been made to adopt this technique to study the deformation behavior of BMGs [21] [22] [23] [24] . Pile-ups around the indenter are usually observed in indentation tests of BMGs [25, 26] . And neglecting the pile-up effect may lead to errors in evaluating hardness and stress-strain response. To take account of the effect, some empirical and semi-empirical formulas have been developed through theoretical analyses and numerical simulations. Matthews [27] and Hill et al. [28] independently developed the relationship between the work-hardening exponent and the height of pile-up; Cheng & Cheng [20] obtained an equation to compute the contact depth involving pile-up by dimensional analysis; Tuck et al. [29] introduced the energy method to handle the pile-up effect. Although considerable achievements in this field have been made during past decades, further work is needed to investigate the mechanism of pile-up formation and the effect of pile-up on the characterization of the hardness as well as the stress-strain response.
The understanding of elasto-plastic deformation mode at indentation is important to the pile-up problem. However, in real indentation tests, the deformation during loading and unloading cannot be obtained. To overcome this barrier, finite element analysis (FEA) can be performed [20, 30, 31] , by which the stress and deformation field can be continuously measured. The present work focuses on the pile-up effect at indentation test of Zr 41.2 Ti 13.8 Cu 12.5 Ni 10 Be 22.5 BMG by using the FE model of spherical indentation. A new model is proposed to compute the true contact area. By using this model, contact areas and hardness corresponding to different penetration depths are obtained.
New model of the pile-up problem
The experiments of metal indentation made by Tabor [32] revealed that the unloading process is almost perfectly elastic and the impression formed by a spherical indenter is still spherical with a radius larger than the indenter. So the unloading part of the spherical indentation can be approximately referred to Hertzian [33] contact including two elastic spheres. By comparing the deformation profiles under spherical indenter due to loading and unloading, we proposed a model shown in Figure 1 . Curve 1 shows a rigid sphere of radius R driven into a BMG material by a force P to a penetration depth h m . Significant pile-up of material appears around the indenter where the pile-up height h pl consists of two parts: the elastic deflection h d and the distance pl h between the peak of the contact zone and the specimen surface. Curve 2 shows the shape after the indenter is unloaded and the material elastically recovers, and the final depth of the residual hardness impression is h f .
The corresponding pile-up height is h pu and the impression radius is ρ. a l and a u are respectively the contact radius of the two status as mentioned above.
Assume that during the unloading of spherical indentation: (1) the contact radius keeps unchanged, i.e. a l = a u ; (2) the pile-up height remains unchanged, h pl = h pu (will be validated later). In Figure 1 The model of maximum loading and full unloading of spherical indentation.
accordance with Hertzian contact theory [33] , the relationship among contact radius a , residual impression radius ρ and indenter radius R must be written as follows:
where * E is reduced modulus, defined through the equation
* P is the load responsible for the elastic deformation of the material beneath the contact region; and ρ is negative for the residue impression is concave. If the load P is considered to be distributed averagely over the plastic zone [34] , then * P and P satisfy the following equation:
where c is the radius of the contact zone. Substituting eq. (2) into eq. (1) gives
In real indentation tests, the contact radius a and the unloaded impression radius ρ are both hardly to be recorded, so we need to reconstruct the relationship between a and ρ. As shown in Figure 1 , according to assumption (2), the maximum contact depth and residual depth satisfy the following geometry relationship:
where elastic deflection h d can be obtained by Oliver and Pharr's method [19] :
which S is unloading stiffness, and ε is a constant dependent on the geometry of the indenter and equal to 0.75 for a spherical indenter. The true contact radius can be obtained through the load-displacement curve with eqs. (3) and (4), so do the material hardness, Young's modulus, and the stress-strain relationship.
Numerical simulation
By using dimensional analysis, Cheng & Cheng [20] found that the phenomenon of pile-up depends on the work-hardening exponent n, and the ratio of the initial yield strength σ y to Young's modulus E. The previous studies have shown that σ y /E of BMGs approaches 2% [35] [36] [37] and n is almost zero [38, 39] . Figure 2 shows the mesh by using 14100 axisymmetric, four-node CAX4R elements in ABAQUS Library for the specimen (Φ 16 mm × 4 mm) and 96 elements for the spherical indenter (radius 1 mm). The constitutive model of the indented material (Zr 41.2 Ti 13.8 Cu 12.5 Ni 10 Be 22.5 BMG) is taken to follow the well-known J 2 -associated flow theory with isotropic elastic-perfect plastic behavior. Its yield strength is 1.71 GPa. Young's modulus and Poisson's ratio are E 2 = 96 GPa and v 2 = 0.36 [38] . The indenter is made of diamond with Young's modulus and Poisson's ratio of E 1 = 1141 GPa and v 1 = 0.07, respectively. Roller boundary conditions are applied on the axis of symmetry and the bottom surface of the specimen separately. Coulomb friction is used to model the frictional contact between the specimen and the indenter. The friction coefficient is set as 0.2. All simulations are performed by controlling the displacement of the indenter including both the loading and the unloading process. Figure 1) at maximum loading, which is a temporary sink-in phenomenon [40] . During the unloading process, the elastic deflection recovers and the pile-up occurs. If the penetration depth h m /R is bigger than 0.32, there will be no temporary sink-in for Zr 41 Figure 4 (a) depicts the contact radius versus the penetration depth at maximum loading and full unloading. In both cases, the contact radius increases with the increase of penetration depth. Assumption (1) Figure 4(b) shows the pile-up height versus penetration depth at maximum loading and full unloading, where the former is obtained by the Oliver and Pharr's method [19] as follows: (2) is also true, shown in Figure 4 (b). The correctness of the above two assumptions validates our new model. Now we will apply the model to BMGs. 
Validation of the two assumptions
op m d . h h h = − Assumption
Application of the new model

Excluding the pile-up effect
The contact depth h op can be obtained by the Oliver and Pharr's method [19] . The corresponding contact radius a op is given by the following geometry relationship:
shows the relationship between the contact area a/R and the penetration depth h m /R. The quantities are derived from the load-displacement data generated in the finite element simulations and the pile-up effect is not considered. We also acquired the relationship between the true contact radius and true penetration depth. By comparing the two groups of data, it can be seen that the true contact radius would be underestimated if pile-up is neglected. Figure 6 shows the hardness calculated by the two groups of contact radius. Neglecting pile-up may overestimate the true material hardness by as much as 9.79%. Thus, we know the pile-up effect cannot be neglected in the indentation test of BMGs. 
Including the pile-up effect
The radius c of the subindenter plastic zone is given by the expanding cavity model (ECM) developed by Johnson [34] :
Substituting the maximum loads P generated in the finite element simulations into eq. (5) gives the plastic zone radius which is then listed by different h m /R including 0.1, 0.2, 0.3, 0.4, 0.5 and 0.6, as shown in Table 1 . We also list the true plastic zone radius deduced from the FEA. It can be seen that the plastic zone radius given by eq. (5) is much higher than the true value when h m /R < 0.5. Substituting the two groups of data into eqs. (3) and (4) gives the relationship between a/R and h m /R, as illustrated in Figure 7 . Comparing the two groups of contact radius with the true radius directly read from FEA, we can see the value given by eq. (5) is much higher than the true value, while the other given by the true plastic zone radius agrees well with the true one. Thus we know the precision of the subindenter plastic zone radius is important to the new model, so we need a better formula to calculate the radius. Fitting the FEA data of several h m /R (0.1, 0.2, 0.3, 0.4, 0.5 and 0.6), we get the relationship It should be noted that our model is inapplicable to shallow indentation (h m /R < 0.1), because the contact zone radius cannot be obtained accurately while the material beneath the indenter is not fully plastic state [34] at shallow indentation.
Substituting eq. (6) into eq. (3) gives the relationship between a and ρ : 
Using eqs. (4) and (7), the true contact radius of Zr 41.2 Ti 13.8 Cu 12.5 Ni 10 Be 22.5 BMG with pile-up can be obtained. As shown in Figure 5 , the contact radius with pile-up resulting from our new method agrees well with FEA result. Similarly, the hardness shown in Figure 6 holds true with small (< 3%) corrections. The above results confirm that our new model can provide reliable estimations of contact radius and hardness for the spherical indentation of Zr 41.2 Ti 13.8 Cu 12.5 Ni 10 Be 22.5 BMG with pile-up. The model may be applied to other materials with pile-up phenomena if the radius of the plastic zone is known.
Conclusion
In indentation of BMGs, a significant pile-up can be observed and the effect of pile-up on characterizing the hardness, Young's modulus, and the stress-strain response cannot be neglected. The finite element analysis is performed to simulate the spherical indentation at different penetration depths. And a new model considering the pile-up effect is proposed and then verified by the indentation of Zr 41.2 Ti 13.8 Cu 12.5 Ni 10 Be 22.5 BMG. The resulting contact areas and hardness corresponding to different penetration depths agree well with the numerical simulation.
